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A group G can contain one or more equivalence classes, where the mem-

Mathematics books
often refer to them as
conjugacy classes, but
physicists avoid this
due to possible
confusion with the
terms complex
conjugate and
hermitian conjuage.

bers of an equivalence class are related by the condition

a′ = b−1ab (1)

That is, for an element a, we can find another element a′ in the same equiv-
alence class if there is another element b in the group that satisfies this
condition. Note that b need not be in the same class as a; all that’s required
is that a, a′ and b are all members of the group G.

An equivalence class is, except for the identity I , not a subgroup, since it
doesn’t contain the identity.

Example 1. Consider the permutation group S3, with elements

S3 = {I,(12) ,(13) ,(23) ,(123) ,(132)} (2)

Consider the operation

(23)−1 (12)(23) = (32)(123) (3)

= (32)(231) (4)

= (32)(23)(31) (5)

= (31) (6)

= (13) (7)

The first line uses the facts that (23)−1 = (32) and (12)(23) = (123); the
second that in a 3-cycle we can cyclically permute the elements so that
(123) = (231); the third that (231) = (23)(31); the fourth that (23) =
(32)−1 and the last that swapping two elements doesn’t depend on the order.
Thus we see that (12) and (13) are in the same equivalence class.

By similar arguments, we can show that all 3 of the 2-cycles are in the
same class. How about (123)? It looks like we could convert (123) into
(132) by swapping 2 and 3, so let’s give it a try:

1

https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Group%20theory/Permutation%20groups%20-%20cycles%20and%20transpositions.pdf


EQUIVALENCE CLASSES 2

(23)−1 (123)(23) = (32)(12)(23)(23) (8)

= (32)(12) (9)

= (32)(21) (10)

= (321) (11)

= (132) (12)

The second line uses the fact that a swap is its own inverse, so that (23) =
(23)−1. Thus S3 has 3 equivalence classes:

{I} ,{(12) ,(13) ,(23)} ,{(123) ,(132)} (13)

Example 2. It might look like the members of a class can be found if we
can obtain one element from the other by simply swapping a pair of labels.
In S3, this does in fact work, but in other groups we need to be careful.
In the alternating group A3, consisting of the even permutations of S3, we
have

A3 = {I,(123) ,(132)}= {I,(12)(23) ,(13)(32)} (14)
In this case, we cannot put (123) and (132) into the same class, because
there is no element (23) in A3 that we can use to swap 2 and 3. We can try

(132)−1 (123)(132) = [(13)(32)]−1 (123)(132) (15)

= (23)(31)(123)(132) (16)

= (231)(123)(132) (17)

= (123)(123)(132) (18)

= (123) (19)

The last line follows because, as we see from earlier lines, (132) = (123)−1.
Thus we just get the same element (123) back again after applying the class
condition. A3 consists of 3 classes, each containing a single element.

We can state a few useful theorems about equivalence classes.

Theorem 1. In an abelian group A, each element is in its own class.

Proof. An abelian group is one in which all elements commute, so from 1
we have

a′ = b−1ab= b−1ba= a (20)
Thus any element transforms only into itself under the class condition. The
group A3 above is abelian (try it!), so is an example of this theorem. �
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Theorem 2. The identity element I is always in a class of its own.

Proof. For I , we have, since I always commutes with everything:

I ′ = b−1Ib= b−1bI = I (21)
�

Theorem 3. Let E = {e1, e2, . . . , en} be an equivalence class of a group
G. Then the set E′ =

{
e−1

1 , e−1
2 , . . . , e−1

n

}
consisting of the inverses of E’s

elements is also an equivalence class of G.

Proof. For some elements ei and ej , we have, by the definition of equiva-
lence class and some element g ∈G:

ei = g−1ejg (22)
Taking inverses of both sides, we have (remember that taking the inverse of
a product gives the product of the inverses in reverse order):

e−1
i = g−1e−1

j g (23)

Thus the inverse element e−1
i and e−1

j are also in an equivalence class. �

Theorem 4. In a general group G, elements f and g do not necessarily
commute. However, both fg and gf are always in the same equivalence
class.

Proof. Consider

g′ = f−1 (fg)f (24)

= f−1fgf (25)
= gf (26)

Thus fg and gf are in the same class, and are related by f (or by g−1 as the
same argument works for this). �
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